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Numeral Systems
Roman numbers are quite inconvenient to perform the 

elementary arithmetic operations 

In Liber Abbaci (1201), Fibonacci introduce in Europe the 
Arab numeral system together with the basic algorithm

In1280, the city of Florence forbade the use of Arab ciphers

Nowadays, the introduction of Arab numbers is considered 
a fundamental moment in the History of Science



Equations
In The Whetstone of Witte (1557), Robert Recorde introduced 

the symbol =

14x+ 15 = 71



Polynomials
Our notation for polynomials was introduced by Descartes 

in La Géometrie (1637)

After we started writing x2, x3,... xn, 
we could think about x-2 or x0.5



Electrical Circuits

Network diagrams
Bayesian	Networks	

	
	
	
	

Quantum	Processes	
	
	
	
	

Petri	Nets	
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Signal Flow Graphs 



x

x
x

Signal Flow Graphs 

Compositional Semantics
Diagrammatic languages are not really made of syntax.

? ?
We are able to describe the behaviour of the whole systems

But not the behaviour of the single components

The behaviour of the whole system should be  
"reducible" to the behaviour of its components



Compositional Modelling
There is an emerging, multi-disciplinary field aiming at studying 
different sorts of networks compositionally, inspired by the 
algebraic methods of programming language semantics.

Diagrams are first-class citizens of the theory. The appropriate 
algebraic setting is monoidal (and not cartesian) categories. 
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The Future Will Be Formulated
Using Category Theory

AI & Big Data

Jayshree Pandya is Founder of Risk Group & Host of Risk Roundup.

Jayshree Pandya Contributor
COGNITIVE WORLD Contributor Group 

A new approach to defining and designing systems is coming.

Introduction

The human ecosystem is made of open and closed systems. While the earth is a
closed system for matter but an open system for energy, the human body is
considered an open system. There is a growing belief that the current
understanding of science cannot wholly explain human life, mind, and
consciousness, nor can it explain the nature and origin of life, matter, the
environment, the universe, and reality. Perhaps there is a need for a new
ontological model of reality to look into the mysteries of the universe beyond the
human ecosystem in cyberspace, aquaspace, geospace, and space (CAGS).

The universe is understood to be made of mathematics. Mathematics is primarily
about rules and patterns, and science is about discovering and documenting rules
and patterns that occur in nature. So, as we begin to study the universe beyond
CAGS, we must focus on discovering and documenting rules and patterns and their
relationships in open and closed systems that occur in nature, matter, and the
universe. That brings us to an important question: how will understanding
mathematical laws that govern us beyond the human ecosystem help us
understand open systems better? To begin with, it will help us by giving us a
reference model for understanding the interconnectedness and interdependencies
of the human ecosystem.

Category theory provides a structural framework for mathematics and is on its way

https://www.forbes.com/sites/cognitiveworld/2019/07/29/the-future-will-be-formulated-
using-category-theory/#71a09469625e

More and more influential
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Signal Flow Graphs
Signal Flow Graphs are stream processing 
circuits widely adopted in Control Theory 

and Signal Processing
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Claude Shannon. The theory and design of 
linear differential equation machines (1942). 
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Signal Flow Graphs

xx 0 0

1 1
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String Diagrammatic Syntax

k x

xk

c d
c
d

c, d ::=

Subject to the laws of PROPs

x x



Functional Circuits
k xc, d ::=

p = k0 + k1x+ · · ·+ knx
n

. . . . . .

x
xx

x . . .x

k0

k1

k2

xkn

p

We can represent polynomial

as

Hereafter denoted by

c d
c
d



Polynomial Matrices

7�!
�

1
1

�

7�! !
7�! (1 1)
7�! ?

7�! (k)
7�! (x)

7�! id0 7�! id17�!
⇣

0 1
1 0

⌘

c1 � c2 7�!
��!
[[c1]]�

��!
[[c2]] c1 ; c2 7�!

��!
[[c1]] ;

��!
[[c2]]

�!
[[·]] :

��!
Circ ! Matk[x]

The denotational semantics of functional circuits is given  
by the PROP morphism

defined inductively as follows

x

k

where     and    are the unique morphism given by initiality and finality of 0! ?



Example

⟼



Hopf Algebras
��!
CircHAThe theory is quotiented by the following axioms 
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Soundness and Completeness

HA Matk[x]is isomorphic to
�!
[[c]] =

�!
[[d]] () c

HA
= d



Cofunctional Circuits

xkc, d ::=

c d
c
d
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[[·]] :
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Circ! Matopk[x]The denotational semantics is given by duality

HA
opThe theory is 
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Semantics of Generalised Circuits

When we allow combinations of functional and co-functional 
circuits (like in feedbacks) we may get relational behaviours:

�
�; ��For instance, expresses the diagonal relation

Moreover, polynomials are not enough:  
we need fractions of polynomials. 

k[x] 7! k(x) 7! k((x))

polynomials fractions of 
polynomials Laurent series
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Semantics of Generalised Circuits
The denotational semantics of circuits is given  

by the PROP morphism

[[·]] : Circ ! LinRelk((x))

defined as follows



Interacting Hopf Algebras
The theory is quotiented by the axioms of  CircIH HA HA

op,
and the following

= = =

W Separable Frobenius Algebra

= = =

B Separable Frobenius Algebra

p pp p pp p= =

=

= = == p

=
-1

-1

Soundness and Completeness
[[c]] = [[d]] () c

IH
= d

Kleene's Theorem
IH is isomorphic to LinRelk(x)

The proof exploits  
a technique 

introduced by  
Steve Lack in 

Composing PROPs 
(2004) 

Bonchi, Sobocinski, 
Zanasi  

Interacting Hopf Algebras  
Journal of Pure and 

Applied Algebra (2017)



Equational Reasoning
Proof that two diagrams represent the same dynamical system:

Actually, this holds in general:

��!
Circany circuits is equivalent to one in        with a feedback loop 

Normal Form

The analogue of Bohm-Jacopini's Theorem



Equational Reasoning
From a specification (a rational fraction) to its 
implementation as a linear dynamical system.

x

1 � x � x2
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Flow direction is 
FUNDAMENTAL

“flow graphs differ from electrical network graphs in that 
their branches are directed. In accounting for branch 

directions it is necessary to take an entirely different line 
of approach from that adopted in electrical network 

topology.”

S.J. Mason. Feedback Theory: I. Some Properties of Signal Flow Graphs. 1953



Flow direction is  
EVIL

“Adding a signal flow direction is often a figment of one’s 
imagination, and when something is not real, it will turn 
out to be cumbersome sooner or later. [...] The input/

output framework is totally inappropriate for dealing with 
all but the most special system interconnections. [The 

input/output representation] often needlessly 
complicates matters, mathematically and conceptually. 

A good theory of systems takes the behavior as the 
basic notion.”

J. Willems. Linear systems in discrete time. 2009



"The reason why physics has ceased to look for 
causes is that in fact there are no such things. The 
law of causality, I believe, like much that passes 
muster among philosophers, is a relic of a bygone 
age, surviving, like the monarchy, only because it is 
erroneously supposed to do no harm."

(Bertrand Russel - 1913)

Whenever flow directionality matters,  
we can always rewrite any circuit in its normal form

This allows for a more flexible syntax, disclosing a rich and 
elegant mathematical playground:IH

does not rely on flow directionality as a primitiveCirc

Flow directionality

xx

x x



III. Ramifications

Graphical  
Linear  

Algebra

Cartesian and 
Abelian 

Bicategories

Petri 
nets

Electrical 
Circuits



Graphical Linear Algebra
For dynamical systems, we need the field of fractions of 
polynomials, but actually the theorem holds for any field

This allows to reprove  
well-known theorems of linear algebra  

by means of our axioms

You can find many examples in the blog: 
https://graphicallinearalgebra.net



Equational Proof

Proposition: a matrix A is injective iff its kernel is 0.
Proof

�1
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24:10 Refinement for Signal Flow Graphs

While we have shown that (2) su�ces to characterise inclusions between subspaces, it is
convenient to identify some structural properties that our inequational theory satisfies. By
doing so, we are building up a toolbox—useful for reasoning in applications—of principles
for reasoning about the structure of the order between linear relations.

Below we use the notion of adjunction in an ordered prop: arrow f : m æ n has a right
adjoint if there exists g : n æ m such that idm Æ f ; g and g ; f Æ idn, in which case we
write f ‰ g. Right adjoints, if they exist, are unique: if also f ‰ gÕ then g = gÕ.

I Definition 17. An abelian bicategory [11] A is a (loc. posetal) monoidal bicategory
where:

(i) every object a is a commutative comonoid (
a

a
a ,

a ) with right adjoints
a

a
a ‰

a

a
a ,

a ‰ a , and a commutative monoid (
a

a
a

,
a ) with right adjoints

a

a
a ‰

a
a

a ,
a ‰ a . This translates to the following (labelling on the wires omitted for clarity):

Æ Æ , Æ Æ , Æ idI Æ , Æ Æ ; (18)

(ii) (
a

a
a ,

a ) and (
a

a
a

,
a ) with their right adjoints satisfy the Frobenius equations:

= = , = = ; (19)

(iii) every arrow A
a b is a lax ( , )-comonoid homomorphism and a lax ( , )-

monoid homomorphism:

a
A

b
b

b Æ a
a

A
b

a
A

b ,
a

A
b Æ a

, (20)

a
A

b

a
A

b
b Æ

a

a
a

A
b

,
b Æ a

A
b

. (21)

A more concise definition is: A and Aop are both bicategories of relations in the sense of [11].

Below, we show that, as an ordered prop, IHR is an abelian bicategory. For each
object n œ N, comonoids and monoid structures are defined inductively as in Remark 7. A
straightforward induction generalises the Frobenius equations for all n in (19), given that
they are present for n = 1 in Fig. 1. Next we tackle the case of the black units (the rightmost
two black inequations of (18)). The unit of the adjunction is a 2-cell witnessing id0 Æ
and these terms are equated in Fig. 1. It remains to show existence of the counit. For n = 1:

= Æ = =

The above argument easily generalises to all n.
Showing adjointness for the black comultiplication (the leftmost two black inequations

of (18)) amounts to demonstrating that Æ and Æ . The second is the
black special equation in Fig. 1. The first follows from the adjointness of the unit and counit:

= Æ =

For the white case in (18), the inequations are opposite. The same proofs with colours
and the sense of the inequality exchanged give the results that Æ and Æ .
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Below, we show that, as an ordered prop, IHR is an abelian bicategory. For each
object n œ N, comonoids and monoid structures are defined inductively as in Remark 7. A
straightforward induction generalises the Frobenius equations for all n in (19), given that
they are present for n = 1 in Fig. 1. Next we tackle the case of the black units (the rightmost
two black inequations of (18)). The unit of the adjunction is a 2-cell witnessing id0 Æ
and these terms are equated in Fig. 1. It remains to show existence of the counit. For n = 1:

= Æ = =

The above argument easily generalises to all n.
Showing adjointness for the black comultiplication (the leftmost two black inequations

of (18)) amounts to demonstrating that Æ and Æ . The second is the
black special equation in Fig. 1. The first follows from the adjointness of the unit and counit:

= Æ =

For the white case in (18), the inequations are opposite. The same proofs with colours
and the sense of the inequality exchanged give the results that Æ and Æ .
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doing so, we are building up a toolbox—useful for reasoning in applications—of principles
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 

It turns out that       is an Abelian bicategory (Carboni-Walters)IH
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Petri Nets
Instead of a field, pick a semiring without additive 

inverses: the set ℕ of natural numbers.

Because ℕ does not have additive inverses, it is 
suitable to model resources in a distributed system.

We interpret the place of a Petri net as a ℕ-circuit diagram

⟼



Petri Nets

⟼

Diagrammatic Algebra: From Linear to Concurrent Systems 25:21

Example 36. The diagrams of Petri[0, 0] corresponding to the net of Example 35 is:

More generally, a place with multiple inputs and outputs is depicted as

using and , while transitions are represented with the help of and .

Any ordinary Petri net P can be encoded as a diagram dP in Petri[0, 0]. By choosing an ordering
on places and transitions, the functions ◦−,−◦ : T → NP can be regarded as N-matrices of type
|T | → |P |. Such matrices can be seen as special cases of additive relations (cf. Theorem 20, Section
3.3): let s and t be the diagrams in Rc corresponding to ◦−, −◦ respectively. We let dP be

t

s |P |

|T |

That this assignement is well-defined is proven in Appendix A.3. It is easy to show that P and dP

have the same operational behaviour.

Proposition 37. Given a Petri net P, we have [[P]] ∼ [[dP]].

Proof. In Appendix A.3. !

Similarly, for every diagram d ∈ Petri[0, 0], one can construct a Petri net Pd with the following
recipe: by Lemma 29, d can be written in trace canonical form, namely there exists a diagram
c ∈ Rc[p,p] such that (23) holds. The diagram c denotes an additive relation I (c) ⊆ Np × Np that,
by Proposition 23, has a Hilbert basis. This basis can be represented as matrix A : t → p + p for
some t ∈ N representing the dimension of the basis. The matrix A can be decomposed into two
matrices A1,A2 : t → p such that A =

( A1
A2

)
. We define Pd := (p, t,A2,A1), that is p and t (seen as

ordinal sets) are the set of places and transitions, A1 and A2 play the role of ◦− and −◦.
Again, it is easy to prove that the operational behaviour is preserved.

Proposition 38. For all d ∈ Petri[0, 0], [[d]] ∼ [[Pd ]]

Proof. In Appendix A.3. !

By virtue of Propositions 37 and 38 together, Petri nets and diagrams in Petri[0, 0] are in one-to-
one correspondence modulo semantic equivalence.

5.2 Classifying Stateful Extensions

Recall that diagram c2 (3) in the introduction behaves like a place of a Petri net. We now use it to
embed Petri in Rcs . The prop morphism E(−) : Circp → Circs takes:

E( ) :=
x

(27)

and acts as the identity for the constants of Circ. Following the discussion in Section 2.2, it is
immediate that E( ) is exactly the behaviour defined by (26), that is

[[E( )]] = {(m, i,m′
,o) | o ≤ m andm′

=m − o + i} = [[ ]] (28)

A simple induction allows us to extend the correspondence (28) to all diagrams in Circp .
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"ℝ: Algebra of Resources
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<latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit><latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit><latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit><latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit>n

<latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit><latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit><latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit><latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit>

n
<latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit><latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit><latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit><latexit sha1_base64="OvZszN6YBVQKv2zzriZcuxnimes=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqHgqePHYgv2ANpTNdtKu3WzC7kYoob/AiwdFvPqTvPlv3LY5aOuDgcd7M8zMCxLBtXHdb6ewsbm1vVPcLe3tHxwelY9P2jpOFcMWi0WsugHVKLjEluFGYDdRSKNAYCeY3M39zhMqzWP5YKYJ+hEdSR5yRo2VmnJQrrhVdwGyTrycVCBHY1D+6g9jlkYoDRNU657nJsbPqDKcCZyV+qnGhLIJHWHPUkkj1H62OHRGLqwyJGGsbElDFurviYxGWk+jwHZG1Iz1qjcX//N6qQlv/IzLJDUo2XJRmApiYjL/mgy5QmbE1BLKFLe3EjamijJjsynZELzVl9dJ+6rquVWveV2p3+ZxFOEMzuESPKhBHe6hAS1ggPAMr/DmPDovzrvzsWwtOPnMKfyB8/kD1KmM6g==</latexit>

Not in "ℝ 

�1
<latexit sha1_base64="WBOXyV7XCI1iJiPFnHk1/xZ3pfg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69RIvgxbIrBT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrUvcO8V+v1zxqt4ceJX4OalAjka//NUbKJrGTFoqiDFd30tskBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTvG5UwY4UtqVtHiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CbIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmldVX2v6t/XKvVaHkcRTuAMLsCHa6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A5SMjcM=</latexit><latexit sha1_base64="WBOXyV7XCI1iJiPFnHk1/xZ3pfg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69RIvgxbIrBT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrUvcO8V+v1zxqt4ceJX4OalAjka//NUbKJrGTFoqiDFd30tskBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTvG5UwY4UtqVtHiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CbIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmldVX2v6t/XKvVaHkcRTuAMLsCHa6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A5SMjcM=</latexit><latexit sha1_base64="WBOXyV7XCI1iJiPFnHk1/xZ3pfg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69RIvgxbIrBT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrUvcO8V+v1zxqt4ceJX4OalAjka//NUbKJrGTFoqiDFd30tskBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTvG5UwY4UtqVtHiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CbIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmldVX2v6t/XKvVaHkcRTuAMLsCHa6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A5SMjcM=</latexit><latexit sha1_base64="WBOXyV7XCI1iJiPFnHk1/xZ3pfg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69RIvgxbIrBT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrUvcO8V+v1zxqt4ceJX4OalAjka//NUbKJrGTFoqiDFd30tskBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTvG5UwY4UtqVtHiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CbIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmldVX2v6t/XKvVaHkcRTuAMLsCHa6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A5SMjcM=</latexit> �1

<latexit sha1_base64="WBOXyV7XCI1iJiPFnHk1/xZ3pfg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69RIvgxbIrBT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrUvcO8V+v1zxqt4ceJX4OalAjka//NUbKJrGTFoqiDFd30tskBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTvG5UwY4UtqVtHiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CbIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmldVX2v6t/XKvVaHkcRTuAMLsCHa6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A5SMjcM=</latexit><latexit sha1_base64="WBOXyV7XCI1iJiPFnHk1/xZ3pfg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69RIvgxbIrBT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrUvcO8V+v1zxqt4ceJX4OalAjka//NUbKJrGTFoqiDFd30tskBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTvG5UwY4UtqVtHiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CbIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmldVX2v6t/XKvVaHkcRTuAMLsCHa6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A5SMjcM=</latexit><latexit sha1_base64="WBOXyV7XCI1iJiPFnHk1/xZ3pfg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69RIvgxbIrBT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrUvcO8V+v1zxqt4ceJX4OalAjka//NUbKJrGTFoqiDFd30tskBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTvG5UwY4UtqVtHiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CbIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmldVX2v6t/XKvVaHkcRTuAMLsCHa6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A5SMjcM=</latexit><latexit sha1_base64="WBOXyV7XCI1iJiPFnHk1/xZ3pfg=">AAAB7XicbVBNSwMxEJ3Ur1q/qh69RIvgxbIrBT0WvHisYD+gXUo2zbax2WRJskJZ+h+8eFDEq//Hm//GtN2Dtj4YeLw3w8y8MBHcWM/7RoW19Y3NreJ2aWd3b/+gfHjUMirVlDWpEkp3QmKY4JI1LbeCdRLNSBwK1g7HtzO//cS04Uo+2EnCgpgMJY84JdZJrUvcO8V+v1zxqt4ceJX4OalAjka//NUbKJrGTFoqiDFd30tskBFtORVsWuqlhiWEjsmQdR2VJGYmyObXTvG5UwY4UtqVtHiu/p7ISGzMJA5dZ0zsyCx7M/E/r5va6CbIuExSyyRdLIpSga3Cs9fxgGtGrZg4Qqjm7lZMR0QTal1AJReCv/zyKmldVX2v6t/XKvVaHkcRTuAMLsCHa6jDHTSgCRQe4Rle4Q0p9ILe0ceitYDymWP4A/T5A5SMjcM=</latexit>

Not in "ℝ 
Not in "ℝ 



III. Ramifications

Graphical  
Linear  

Algebra

Cartesian and 
Abelian 

Bicategories

Petri 
nets

Electrical 
Circuits



Non Passive Electrical Circuits
Encode electrical circuits as circuit diagrams

Resistor

Voltage Source

Current Source

⟼

⟼

⟼

Bonchi, Piedeleu, Sobocinski, Zanasi - Graphical Affine Algebra, LICS 2019.



Equational Reasoning with Electrical Circuits

Proof that parallel voltage sources of different 
voltages are disallowed.

Semantics: the 
empty relation.

a

b
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